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The Beginning, Genesis 1, Old Testament
1. In the beginning God created the 

heavens and the earth.
2. Now the earth was formless and empty, 

darkness was over the surface of the 
deep, and the Spirit of God was 
hovering over the waters.

3. And God said, “Let there be light,” and 
there was light.

4. God saw that the light was good, and 
he separated the light from the 
darkness.
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Inaugural Lecture of Maxwell, 
King’s College, 1860
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Henry Cavendish and 
Maxwell Center, Cavendish Laboratory
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Long Road to Maxwell’s Equations
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Outline

• Life of James Clark Maxwell
• Electricity and Magnetism before Maxwell
• Evolution of Maxwell’s Equations
• “Derivation” of Maxwell’s Equations
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Time Line
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First Paper, Drawing Oval Curves, 1846
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1854 Smith’s Prize Examination
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Memorials of Newton and Maxwell
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Major Research Topics Other Than 
Electromagnetics
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A Poem to Tomson’s Galvanometer
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Action at a Distance: 
Coulomb’s Law and Force between Currents
• Coulomb’s  law for electrostatics

𝐹𝐹 = 𝐾𝐾 𝑞𝑞1𝑞𝑞2
𝑟𝑟2

, along the direction connecting positions of 𝑞𝑞1 and 𝑞𝑞2
• Force per unit length of parallel currents for magnetostatics

𝐹𝐹/𝐿𝐿 = 𝐾𝐾 𝐼𝐼1𝐼𝐼2
𝑟𝑟

, along the direction perpendicular to the direction current 
and the direction connecting positions of 𝐼𝐼1 𝑎𝑎𝑎𝑎𝑎𝑎 𝐼𝐼2 following the right-
hand rule
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Faraday and His Law
• 𝜀𝜀 = −∆Φ𝑀𝑀

∆𝑡𝑡
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Faraday lecture 
at Royal Institution 1856

Michael Faraday 
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Faraday’s Lines of Force

• … by line of magnetic force, or magnetic line of force, … I 
mean that exercise of magnetic force which is exerted in the 
lines usually called magnetic curves, and which equally exist 
as passing from or to magnetic poles, or forming concentric 
circles round an electric current. 

• By line of electric force, I mean the force exerted in the lines 
joining two bodies, acting on each other according to the 
principles of static electric induction (1161, &c), which may 
also be either in curved or straight lines.

19Maxwell and His Equations

Google Books

https://books.google.co
m.tw/books?id=BT8A
AAAAYAAJ&pg=PA2
42&redir_esc=y#v=on
epage&q&f=false

Michael Faraday, Experimental Researches in Electricity, vol. III, London: Bernard Quaritch, 1855, ¶ 2149.

http://ocw.aca.ntu.edu.tw/ntu-ocw/info/copyright-declaration
https://books.google.com.tw/books?id=BT8AAAAAYAAJ&pg=PA242&redir_esc=y#v=onepage&q&f=false
http://ocw.aca.ntu.edu.tw/ntu-ocw/info/copyright-declaration


Outline

• Life of James Clark Maxwell
• Electricity and Magnetism before Maxwell
• Evolution of Maxwell’s Equations
• “Derivation” of Maxwell’s Equations

20Maxwell and His Equations



Physical Analogy

• By a physical analogy I mean that partial similarity between 
the laws of one science and those of another which makes 
each of them illustrate the other

• [A]ll the mathematics sciences are founded on relations 
between physical laws and laws of numbers, so that the exact 
science is to reduce the problems of nature to the 
determination of quantities by operations on numbers.
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James Clerk Maxwell, On Faraday’s Lines of Force, Transactions of the Cambridge Philosophical  Society, vol. x, part 1, 1855. p. 155. 
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Analogy to Incompressible Fluid

• Line of force 
• “[T]his curve will indicate the direction of that force for every point through it 

which it passes, and may called on that account a line of force [Maxwell’s 
emphasis].” (James Clerk Maxwell, On Faraday’s Lines of Force, Transactions of 
the Cambridge Philosophical  Society,  vol. x, part 1, 1855. p. 158.)

• Tubes of incompressible fluid
• “[C]onsider these curves not merely lines, but as fine tubes of variable section 

carrying an incompressible fluid, . . . We may make the velocity vary according 
to any given law, by regulating the section of the tube, and in this way we 
might represent the intensity of the force as well as its direction by the motion 
of the fluid in these tubes.” (James Clerk Maxwell, On Faraday’s Lines of Force, 
Transactions of the Cambridge Philosophical  Society,  vol. x, part 1, 1855. p. 
159.)
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Maxwell’s Equation, 1865
Equation Names and Notations
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James Clerk Maxwell, “A dynamic theory of the electromagnetic field,” Royal Society Transactions, vol. 155, 1865, pp. 459-512.
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Maxwell’s Equations (A),(B), (C): 1865

24

(A) (B) (C)
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James Clerk Maxwell, “A dynamic theory of the electromagnetic field,” Royal Society Transactions, vol. 155, 1865, pp. 459-512.
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Maxwell’s Equations (D),(E), (F), (G), (H): 1865
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(D) (E) (F)

(G)

(H)
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James Clerk Maxwell, “A dynamic theory of the electromagnetic field,” Royal Society Transactions, vol. 155, 1865, pp. 459-512.
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Complex Number and Quaternion

26

𝑞𝑞 = 𝑠𝑠 + 𝑥𝑥 𝐢𝐢 + 𝑦𝑦 𝐣𝐣 + 𝑧𝑧 𝐤𝐤

𝑞𝑞1 𝑞𝑞2 =
− 𝑥𝑥1𝑥𝑥2 + 𝑦𝑦1𝑦𝑦2 + 𝑧𝑧1𝑧𝑧2 +

𝑦𝑦1𝑧𝑧2 − 𝑧𝑧1𝑦𝑦2 𝐢𝐢 +
𝑧𝑧1𝑥𝑥2 − 𝑥𝑥1𝑧𝑧2 𝐣𝐣 +
𝑥𝑥1𝑦𝑦2 − 𝑥𝑥2𝑦𝑦1 𝐤𝐤

Special case: 𝑠𝑠 = 0

Maxwell and His Equations
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Maxwell’s Equations, 1873 and Corresponding 
Modern Forms, (A),(B),(C)
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James Clerk Maxwell, A Treaties on Electricity and Magnetism, Oxford: Clarendon Press, 1873, pp. 480-493.
Tapan K. Sarkar, etc., History of Wireless, New Jerse1y: John Wiley & Sons, Inc., 2006, Fig. 3.11, p. 185. 
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Maxwell’s Equations, 1873 and Corresponding 
Modern Forms, (D),(E),(F),(G)
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James Clerk Maxwell, A Treaties on Electricity and Magnetism, Oxford: Clarendon Press, 1873, pp. 480-493.

Tapan K. Sarkar, etc., History of Wireless, New Jerse1y: John Wiley & Sons, Inc., 2006, Fig. 3.11, p. 185. 
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Maxwell’s Equations, 1873 and Corresponding 
Modern Forms,(H),(H*),(I),(I*), (J), (K), (L)
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James Clerk Maxwell, A Treaties on Electricity and Magnetism, Oxford: Clarendon Press, 1873, pp. 480-493.
Tapan K. Sarkar, etc., History of Wireless, New Jerse1y: John Wiley & Sons, Inc., 2006, Fig. 3.11, p. 185. 
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Vector Analysis:
Oliver Heaviside and Josiah Willard Gibbs

• Scalar product (Oliver 
Heaviside, Electromagnetic 
Theory, New York: Dover 
Publications, Inc., 1950, p. 38, 
¶ 107.)

• 𝐀𝐀𝐀𝐀 = 𝐴𝐴𝐴𝐴 cos𝜃𝜃
• Vector product (Oliver 

Heaviside, Electromagnetic 
Theory, New York: Dover 
Publications, Inc., 1950, p. 40, 
¶ 111.)

• 𝐂𝐂 = 𝑉𝑉𝐀𝐀𝐀𝐀, 𝐶𝐶 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑎𝑎 𝜃𝜃
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1850–1925
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Oliver Heaviside’s Circuitation, curl, and 
divergence, 1885, 1893
• Circuitation (Oliver Heaviside, Electromagnetic Theory, New York: 

Dover Publications, Inc., 1950, p. 9, ¶ 33.)
• “used,…, to indicate the often-occurring operation of a line-integral in a closed 

circuit”

• curl (Oliver Heaviside, Electromagnetic Theory, New York: Dover 
Publications, Inc., 1950, p. 9, ¶ 36.)

• “The circuitation of the force is then called its ‘curl’.”

• divergence (Oliver Heaviside, Electromagnetic Theory, New York: 
Dover Publications, Inc., 1950, p. 13, ¶ 51.)

• “The divergence of any flux is the amount of the flux leaving the unit volume.”
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Oliver Heaviside, Electromagnetic Theory, New York: Dover Publications, Inc., 1950, p. 9, ¶ 33.

Oliver Heaviside, Electromagnetic Theory, New York: Dover Publications, Inc., 1950, p. 9, ¶ 36.

Oliver Heaviside, Electromagnetic Theory, New York: Dover Publications, Inc., 1950, p. 13, ¶ 51.
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Oliver Heaviside’s Duplex Form of Maxwell’s 
Equations, 1885, 1893
• 𝐃𝐃 = 𝜖𝜖𝐄𝐄
• 𝐀𝐀 = 𝜇𝜇𝐇𝐇
• curl 𝐇𝐇 = 𝐉𝐉
• −curl 𝐄𝐄 = 𝐆𝐆
• div 𝐃𝐃 = 𝜌𝜌
• div 𝐀𝐀 = 𝜎𝜎
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Maxwell’s Equations, Modern Text Version

• 𝛻𝛻 � �𝐷𝐷 �̅�𝑟, 𝑡𝑡 = 𝜌𝜌𝑒𝑒 �̅�𝑟, 𝑡𝑡
• 𝛻𝛻 � �𝐴𝐴 �̅�𝑟, 𝑡𝑡 = 0

• 𝛻𝛻 × �𝐸𝐸 �̅�𝑟, 𝑡𝑡 = − 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝐴𝐴 �̅�𝑟, 𝑡𝑡

• 𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 = ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 + 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝐷𝐷 �̅�𝑟, 𝑡𝑡
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Outline

• Life of James Clark Maxwell
• Electricity and Magnetism before Maxwell
• Evolution of Maxwell’s Equations
• “Derivation” of Maxwell’s Equations
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Lines of Force and Stream Lines
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Expressions of Field Strength with 
Lines of Field
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Vector, Products, and Magnitude

• �𝑉𝑉 = 𝑉𝑉𝑥𝑥 𝑉𝑉𝑦𝑦 𝑉𝑉𝑧𝑧 𝑇𝑇 = �𝑥𝑥𝑉𝑉𝑥𝑥 + �𝑦𝑦𝑉𝑉𝑦𝑦 + �̂�𝑧𝑉𝑉𝑧𝑧

• �𝑉𝑉 = 𝑉𝑉𝑥𝑥2 + 𝑉𝑉𝑦𝑦2 + 𝑉𝑉𝑧𝑧2

• �̅�𝐴 � �𝐴𝐴 = 𝐴𝐴𝑥𝑥𝐴𝐴𝑥𝑥 + 𝐴𝐴𝑦𝑦𝐴𝐴𝑦𝑦 + 𝐴𝐴𝑧𝑧𝐴𝐴𝑧𝑧 = �̅�𝐴 �𝐴𝐴 cos 𝜃𝜃𝐴𝐴𝐴𝐴
• �𝑉𝑉 = �𝑉𝑉 � �𝑉𝑉
• �𝐴𝐴 × ̅𝐶𝐶 = �𝑥𝑥 𝐴𝐴𝑦𝑦𝐶𝐶𝑧𝑧 − 𝐴𝐴𝑧𝑧𝐶𝐶𝑦𝑦 + �𝑦𝑦 𝐴𝐴𝑧𝑧𝐶𝐶𝑥𝑥 − 𝐴𝐴𝑥𝑥𝐶𝐶𝑧𝑧 + �̂�𝑧 𝐴𝐴𝑥𝑥𝐶𝐶𝑦𝑦 − 𝐴𝐴𝑦𝑦𝐶𝐶𝑥𝑥

• �𝐴𝐴 × ̅𝐶𝐶 =
�𝑥𝑥 �𝑦𝑦 �̂�𝑧
𝐴𝐴𝑥𝑥 𝐴𝐴𝑦𝑦 𝐴𝐴𝑧𝑧
𝐶𝐶𝑥𝑥 𝐶𝐶𝑦𝑦 𝐶𝐶𝑧𝑧

= �𝑎𝑎 �𝐴𝐴 ̅𝐶𝐶 sin𝜃𝜃𝐴𝐴𝐶𝐶
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Position Vector and Surface
• �̅�𝑟 = �𝑥𝑥𝑥𝑥 + �𝑦𝑦𝑦𝑦 + �̂�𝑧𝑧𝑧
• �̅�𝑟 = �̅�𝑟 𝑢𝑢, 𝑣𝑣 = �𝑥𝑥𝑥𝑥 𝑢𝑢, 𝑣𝑣 + �𝑦𝑦𝑦𝑦 𝑢𝑢, 𝑣𝑣 + �̂�𝑧𝑧𝑧 𝑢𝑢, 𝑣𝑣
• Example: �̅�𝑟 𝑢𝑢, 𝑣𝑣 = �𝑥𝑥𝑢𝑢 + �𝑦𝑦𝑣𝑣 + �̂�𝑧 𝑢𝑢2 + 𝑣𝑣2

• �𝑎𝑎 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 = �𝑎𝑎 𝑢𝑢, 𝑣𝑣 =
• �𝑥𝑥𝑎𝑎𝑥𝑥 + �𝑦𝑦𝑎𝑎𝑦𝑦 + �̂�𝑧𝑎𝑎𝑧𝑧 =

• 𝜕𝜕�̅�𝑟 𝑢𝑢,𝑣𝑣
𝜕𝜕𝑢𝑢

× 𝜕𝜕�̅�𝑟 𝑢𝑢,𝑣𝑣
𝜕𝜕𝑣𝑣

/𝐽𝐽𝑎𝑎𝐽𝐽𝐽𝐽𝐽𝐽𝑠𝑠𝑎𝑎𝑎𝑎

• 𝐽𝐽𝑎𝑎𝐽𝐽𝐽𝐽𝐽𝐽𝑠𝑠𝑎𝑎𝑎𝑎 = 𝜕𝜕�̅�𝑟 𝑢𝑢,𝑣𝑣
𝜕𝜕𝑢𝑢

× 𝜕𝜕�̅�𝑟 𝑢𝑢,𝑣𝑣
𝜕𝜕𝑣𝑣
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Flux and Flux Density
• Flux density
�𝑉𝑉 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 = �𝑥𝑥𝑉𝑉𝑥𝑥 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 + �𝑦𝑦𝑉𝑉𝑦𝑦 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 + �̂�𝑧𝑉𝑉𝑧𝑧 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡

• Flux through surface S

Φ 𝑡𝑡 = ∫𝑆𝑆 �𝑉𝑉 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎

• Φ 𝑡𝑡 =

�
𝑆𝑆𝑦𝑦𝑦𝑦
𝑉𝑉𝑥𝑥 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧 + �

𝑆𝑆𝑦𝑦𝑥𝑥
𝑉𝑉𝑦𝑦 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥 + �

𝑆𝑆𝑥𝑥𝑦𝑦
𝑉𝑉𝑧𝑧 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦
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Electric Flux Density and Gauss’s Law

• Lines of electric field 
• Imaginary substance in the analogy to an imaginary incompressible fluid
• Electric flux Φ𝐸𝐸 and electric charge
• Flux tube 
• Electric Flux Density �𝐷𝐷 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡
• Gauss’s law

𝑄𝑄 𝑡𝑡 = ∮𝑆𝑆 �𝐷𝐷 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎 =

�
𝑆𝑆𝑦𝑦𝑦𝑦
𝐷𝐷𝑥𝑥 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧 + �

𝑆𝑆𝑦𝑦𝑥𝑥
𝐷𝐷𝑦𝑦 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥 + �

𝑆𝑆𝑥𝑥𝑦𝑦
𝐷𝐷𝑧𝑧 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦
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Divergence (1/2)

• 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

= lim
Δ𝑥𝑥→0

𝑑𝑑 𝑥𝑥+Δ𝑥𝑥2 −𝑑𝑑(𝑥𝑥−Δ𝑥𝑥2 )

Δ𝑥𝑥
≈

𝑑𝑑 𝑥𝑥+Δ𝑥𝑥2 −𝑑𝑑(𝑥𝑥−Δ𝑥𝑥2 )

Δ𝑥𝑥

• Flux density
�𝑉𝑉 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 = 𝐽𝐽1 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝐽𝐽2 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝐽𝐽3 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑇𝑇

• Net increase of material in the x-direction

𝐽𝐽1 𝑥𝑥 + Δ𝑥𝑥
2

,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 − 𝐽𝐽1 𝑥𝑥 − Δ𝑥𝑥
2

, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡 ∆𝑦𝑦∆𝑧𝑧 ≈
𝐽𝐽1 𝑥𝑥+Δ𝑥𝑥2 ,𝑦𝑦,𝑧𝑧,𝑡𝑡 −𝐽𝐽1 𝑥𝑥−Δ𝑥𝑥2 ,𝑦𝑦,𝑧𝑧,𝑡𝑡

∆𝑥𝑥
∆𝑥𝑥∆𝑦𝑦∆𝑧𝑧
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Divergence (2/2)

• Net increase of material per unit volume from the small cube

• 𝑎𝑎𝑠𝑠𝑣𝑣 �𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = lim
∆𝜏𝜏→0

∆𝐽𝐽1 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
∆𝑥𝑥

+ ∆𝐽𝐽2 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
∆𝑦𝑦

+ ∆𝐽𝐽3 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
∆𝑧𝑧

=

• 𝜕𝜕𝐽𝐽1 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝐽𝐽2 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
𝜕𝜕𝑦𝑦

+ 𝜕𝜕𝐽𝐽3 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
𝜕𝜕𝑧𝑧

• With �𝑉𝑉 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 = �𝑥𝑥𝑉𝑉𝑥𝑥 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 + �𝑦𝑦𝑉𝑉𝑦𝑦 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 + �̂�𝑧𝑉𝑉𝑧𝑧 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 ,

𝑎𝑎𝑠𝑠𝑣𝑣 �𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝜕𝜕𝑉𝑉𝑥𝑥 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝑉𝑉𝑦𝑦 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
𝜕𝜕𝑦𝑦

+ 𝜕𝜕𝑉𝑉𝑦𝑦 𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡
𝜕𝜕𝑧𝑧

=

�𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

+ �𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

+ �̂�𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧

� �𝑥𝑥𝑉𝑉𝑥𝑥 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 + �𝑦𝑦𝑉𝑉𝑦𝑦 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 + �̂�𝑧𝑉𝑉𝑧𝑧 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 =

𝛻𝛻 � �𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡)
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Sources and Sinks of Electric Field Lines
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Divergence Theorem and 
Gauss’s Law in Differential Form
• ∮𝑆𝑆 �𝐷𝐷 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎 = ∫𝑅𝑅 𝛻𝛻 � �𝐷𝐷 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝜏𝜏

• 𝑄𝑄 𝑡𝑡 = ∫𝑅𝑅 𝜌𝜌𝑒𝑒 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝜏𝜏 = ∮𝑆𝑆 �𝐷𝐷 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎 =

�
𝑆𝑆𝑦𝑦𝑦𝑦
𝐷𝐷𝑥𝑥 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧 + �

𝑆𝑆𝑦𝑦𝑥𝑥
𝐷𝐷𝑦𝑦 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥

+ �
𝑆𝑆𝑥𝑥𝑦𝑦
𝐷𝐷𝑧𝑧 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦 = �

𝑅𝑅
𝛻𝛻 � �𝐷𝐷 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 𝑎𝑎𝜏𝜏

Let 𝑅𝑅 = ∆𝜏𝜏 → 0,𝛻𝛻 � �𝐷𝐷 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡 = 𝜌𝜌𝑒𝑒 𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡
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Gauss’s Law for Magnetic Flux Density

• ∮𝑆𝑆 �𝐴𝐴 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎 = 0

• 𝛻𝛻 � �𝐴𝐴 �̅�𝑟, 𝑡𝑡 = 𝜕𝜕𝐴𝐴𝑥𝑥 �̅�𝑟,𝑡𝑡
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝐴𝐴𝑦𝑦 �̅�𝑟,𝑡𝑡
𝜕𝜕𝑦𝑦

+ 𝜕𝜕𝐴𝐴𝑦𝑦 �̅�𝑟,𝑡𝑡
𝜕𝜕𝑧𝑧

= 0
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Faraday’s Law

• 𝜀𝜀 = −∆Φ𝑀𝑀
∆𝑡𝑡
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Line and Line Integral
• Line �̅�𝑟 = �̅�𝑟 𝜎𝜎 = �𝑥𝑥𝑥𝑥 𝜎𝜎 + �𝑦𝑦𝑦𝑦 𝜎𝜎 + �̂�𝑧𝑧𝑧 𝜎𝜎
• Example
• �̅�𝑟 𝜎𝜎 = �𝑥𝑥 cos𝜎𝜎 + �𝑦𝑦 sin𝜎𝜎 + �̂�𝑧 2 𝜎𝜎, 0 ≤ 𝜎𝜎 ≤ 8𝜋𝜋
• �̂�𝑡 = �𝑥𝑥𝑎𝑎𝑥𝑥 + �𝑦𝑦𝑎𝑎𝑦𝑦 + �̂�𝑧𝑎𝑎𝑧𝑧 /𝑎𝑎𝑑

• 𝑎𝑎𝑑 = 𝑎𝑎𝑥𝑥 2 + 𝑎𝑎𝑦𝑦 2 + 𝑎𝑎𝑧𝑧 2 = 𝑑𝑑𝑥𝑥
𝑑𝑑𝜎𝜎

2
+ 𝑑𝑑𝑦𝑦

𝑑𝑑𝜎𝜎

2
+ 𝑑𝑑𝑧𝑧

𝑑𝑑𝜎𝜎

2
𝑎𝑎𝜎𝜎

• Line integral

• ∫𝐶𝐶 �𝐹𝐹 𝑟𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 =

∫𝐶𝐶𝜎𝜎
�𝐹𝐹 𝑟𝑟, 𝑡𝑡 � �̂�𝑡 𝑑𝑑𝑥𝑥

𝑑𝑑𝜎𝜎

2
+ 𝑑𝑑𝑦𝑦

𝑑𝑑𝜎𝜎

2
+ 𝑑𝑑𝑧𝑧

𝑑𝑑𝜎𝜎

2
𝑎𝑎𝜎𝜎 =

∫𝐶𝐶𝑥𝑥 𝐹𝐹𝑥𝑥 𝑟𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥 + ∫𝐶𝐶𝑦𝑦 𝐹𝐹𝑦𝑦 𝑟𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦 + ∫𝐶𝐶𝑦𝑦 𝐹𝐹𝑧𝑧 𝑟𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧
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Electric Field Strength and Faraday’s Law

• �𝐸𝐸 �̅�𝑟, 𝑡𝑡 = �𝐹𝐹 �̅�𝑟, 𝑡𝑡 /𝑞𝑞

• 𝜀𝜀 = −∆Φ𝑀𝑀
∆𝑡𝑡

• ∮𝐶𝐶 �𝐸𝐸 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 = − 𝜕𝜕
𝜕𝜕𝑡𝑡 ∫𝑆𝑆

�𝐴𝐴 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎

• ∫𝐶𝐶𝑥𝑥 𝐸𝐸𝑥𝑥 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥 + ∫𝐶𝐶𝑦𝑦 𝐸𝐸𝑦𝑦 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦 + ∫𝐶𝐶𝑦𝑦 𝐸𝐸𝑧𝑧 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧 =

−
𝜕𝜕
𝜕𝜕𝑡𝑡
�
𝑆𝑆𝑦𝑦𝑦𝑦
𝐴𝐴𝑥𝑥 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧 −

𝜕𝜕
𝜕𝜕𝑡𝑡
�
𝑆𝑆𝑦𝑦𝑥𝑥
𝐴𝐴𝑦𝑦 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥

−
𝜕𝜕
𝜕𝜕𝑡𝑡
�
𝑆𝑆𝑥𝑥𝑦𝑦
𝐴𝐴𝑧𝑧 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦

48Maxwell and His Equations

Suffolk University
https://sites.suffolk.edu/kdshepard/2013/03/07/faradays-law/379a/

http://ocw.aca.ntu.edu.tw/ntu-ocw/info/copyright-declaration
https://sites.suffolk.edu/kdshepard/2013/03/07/faradays-law/379a/


Green’s Theorem

• ∮𝐶𝐶 �𝐹𝐹 𝑥𝑥,𝑦𝑦 � �̂�𝑡𝑎𝑎𝑑 = ∫𝐶𝐶 𝐹𝐹𝑥𝑥 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑥𝑥 + ∫𝐶𝐶 𝐹𝐹𝑦𝑦 𝑥𝑥, 𝑦𝑦 𝑎𝑎𝑦𝑦

• ∫𝐶𝐶𝑥𝑥 𝐹𝐹𝑥𝑥 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑥𝑥 = −∫𝑎𝑎
𝑏𝑏 ∫𝐶𝐶1 𝑥𝑥

𝐶𝐶3 𝑥𝑥 𝜕𝜕
𝜕𝜕𝑦𝑦
𝐹𝐹𝑥𝑥 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑦𝑦𝑎𝑎𝑥𝑥

• ∫𝐶𝐶𝑦𝑦 𝐹𝐹𝑦𝑦 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑦𝑦 = ∫𝑐𝑐
𝑑𝑑 ∫𝐶𝐶4 𝑦𝑦

𝐶𝐶2 𝑦𝑦 𝜕𝜕
𝜕𝜕𝑥𝑥
𝐹𝐹𝑦𝑦 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦 =

• ∫𝑐𝑐
𝑑𝑑 ∫𝐶𝐶2 𝑦𝑦

𝐶𝐶4 𝑦𝑦 𝜕𝜕
𝜕𝜕𝑥𝑥
𝐹𝐹𝑦𝑦 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦

• ∮𝐶𝐶 �𝐹𝐹 𝑥𝑥,𝑦𝑦 � �̂�𝑡𝑎𝑎𝑑 =

• ∫𝐶𝐶𝑥𝑥 𝐹𝐹𝑥𝑥 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑥𝑥 + ∫𝐶𝐶𝑦𝑦 𝐹𝐹𝑦𝑦 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑦𝑦 =

• ∫𝐷𝐷
𝜕𝜕
𝜕𝜕𝑥𝑥
𝐹𝐹𝑦𝑦 𝑥𝑥,𝑦𝑦 − 𝜕𝜕

𝜕𝜕𝑦𝑦
𝐹𝐹𝑥𝑥 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦
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𝑥𝑥

𝑦𝑦

𝐶𝐶1 𝑥𝑥

𝐶𝐶3 𝑥𝑥

𝐶𝐶4 𝑦𝑦

𝐶𝐶2 𝑦𝑦𝐷𝐷
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Stokes Theorem

• ∫𝐶𝐶𝑥𝑥 𝐹𝐹𝑥𝑥 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥 + ∫𝐶𝐶𝑦𝑦 𝐹𝐹𝑦𝑦 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦 + ∫𝐶𝐶𝑦𝑦 𝐹𝐹𝑧𝑧 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧 =

• ∬𝑆𝑆𝑦𝑦𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦
𝐹𝐹𝑧𝑧 �̅�𝑟, 𝑡𝑡 − 𝜕𝜕

𝜕𝜕𝑧𝑧
𝐹𝐹𝑦𝑦 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧 + ∬𝑆𝑆𝑦𝑦𝑥𝑥 �

�

𝜕𝜕
𝜕𝜕𝑧𝑧
𝐹𝐹𝑥𝑥 �̅�𝑟, 𝑡𝑡 −

𝜕𝜕
𝜕𝜕𝑥𝑥
𝐹𝐹𝑧𝑧 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥 + ∬𝑆𝑆𝑥𝑥𝑦𝑦

𝜕𝜕
𝜕𝜕𝑥𝑥
𝐹𝐹𝑦𝑦 �̅�𝑟, 𝑡𝑡 − 𝜕𝜕

𝜕𝜕𝑦𝑦
𝐹𝐹𝑥𝑥 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧𝑎𝑎𝑥𝑥𝑎𝑎𝑦𝑦

• ∮𝐶𝐶 �𝐹𝐹 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 =∫𝑆𝑆 𝐽𝐽𝑢𝑢𝑟𝑟𝑐𝑐 �𝐹𝐹 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎,
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curl Operator

• ∮𝐶𝐶 �𝐹𝐹 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 =∫𝑆𝑆 𝐽𝐽𝑢𝑢𝑟𝑟𝑐𝑐 �𝐹𝐹 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎,

• 𝐽𝐽𝑢𝑢𝑟𝑟𝑐𝑐 �𝐹𝐹 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎 = lim
∆𝑎𝑎→0

∮𝐶𝐶 �𝐹𝐹 �̅�𝑟,𝑡𝑡 ��̂�𝑡𝑑𝑑𝑑
∆𝑎𝑎

• 𝐽𝐽𝑢𝑢𝑟𝑟𝑐𝑐 �𝐹𝐹 �̅�𝑟, 𝑡𝑡 = �𝑥𝑥 𝜕𝜕
𝜕𝜕𝑦𝑦
𝐹𝐹𝑧𝑧 �̅�𝑟, 𝑡𝑡 − 𝜕𝜕

𝜕𝜕𝑧𝑧
𝐹𝐹𝑦𝑦 �̅�𝑟, 𝑡𝑡 + �𝑦𝑦 �

�

𝜕𝜕
𝜕𝜕𝑧𝑧
𝐹𝐹𝑥𝑥 �̅�𝑟, 𝑡𝑡 −

𝜕𝜕
𝜕𝜕𝑥𝑥
𝐹𝐹𝑧𝑧 �̅�𝑟, 𝑡𝑡 + �̂�𝑧 𝜕𝜕

𝜕𝜕𝑥𝑥
𝐹𝐹𝑦𝑦 �̅�𝑟, 𝑡𝑡 − 𝜕𝜕

𝜕𝜕𝑦𝑦
𝐹𝐹𝑥𝑥 �̅�𝑟, 𝑡𝑡 =

�𝑥𝑥 �𝑦𝑦 �̂�𝑧
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝐹𝐹𝑥𝑥 �̅�𝑟, 𝑡𝑡 𝐹𝐹𝑦𝑦 �̅�𝑟, 𝑡𝑡 𝐹𝐹𝑧𝑧 �̅�𝑟, 𝑡𝑡
= 𝛻𝛻 × �𝐹𝐹 �̅�𝑟, 𝑡𝑡

51Maxwell and His Equations



Differential Form of Faraday’s Law 

• ∮𝐶𝐶 �𝐸𝐸 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 = − 𝜕𝜕
𝜕𝜕𝑡𝑡 ∫𝑆𝑆

�𝐴𝐴 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎

• ∫𝑆𝑆 𝛻𝛻 × �𝐸𝐸 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎 = − 𝜕𝜕
𝜕𝜕𝑡𝑡 ∫𝑆𝑆

�𝐴𝐴 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎
• Let 𝑠𝑠 = ∆𝑠𝑠 → 0

• �𝑥𝑥 � 𝛻𝛻 × �𝐸𝐸 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥∆𝑠𝑠 = − 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝑥𝑥 � 𝜕𝜕

𝜕𝜕𝑡𝑡
�𝐴𝐴 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑥𝑥∆𝑠𝑠

• �𝑦𝑦 � 𝛻𝛻 × �𝐸𝐸 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦∆𝑠𝑠 = − 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝑦𝑦 � 𝜕𝜕

𝜕𝜕𝑡𝑡
�𝐴𝐴 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑦𝑦∆𝑠𝑠

• �̂�𝑧 � 𝛻𝛻 × �𝐸𝐸 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧∆𝑠𝑠 = − 𝜕𝜕
𝜕𝜕𝑡𝑡
�̂�𝑧 � 𝜕𝜕

𝜕𝜕𝑡𝑡
�𝐴𝐴 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝑧𝑧∆𝑠𝑠

• 𝛻𝛻 × �𝐸𝐸 �̅�𝑟, 𝑡𝑡 = − 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝐴𝐴 �̅�𝑟, 𝑡𝑡
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Ampère’s Circuital Law
• ∮𝐶𝐶 �𝐻𝐻 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 = ∫𝑆𝑆 ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎
• 𝐽𝐽𝑢𝑢𝑟𝑟𝑐𝑐 �𝐻𝐻 �̅�𝑟, 𝑡𝑡 =𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 = ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡
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goprep https://goprep.co/what-is-the-magnetic-field-midway-between-two-parallel-i-1nlo17

Stock Exchange
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Conservation of Charges

• ∮𝑆𝑆 ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎 + 𝜕𝜕
𝜕𝜕𝑡𝑡
𝑄𝑄 t = 0

• ∫𝑅𝑅 𝛻𝛻 � ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝜏𝜏 + 𝜕𝜕
𝜕𝜕𝑡𝑡 ∫𝑅𝑅 𝜌𝜌𝑒𝑒 �̅�𝑟, 𝑡𝑡 𝑎𝑎𝜏𝜏 = 0

• 𝛻𝛻 � ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 + 𝜕𝜕
𝜕𝜕𝑡𝑡
𝜌𝜌𝑒𝑒 �̅�𝑟, 𝑡𝑡 = 0
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Massachusetts Institute of Technology
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Inconsistency of Ampere’s Circuital Law

• ∮𝐶𝐶 �𝐻𝐻 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 = ∫𝑆𝑆 ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎
• 𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 = ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡
• 𝛻𝛻 � 𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 = 𝛻𝛻 � ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡
• 𝛻𝛻 � 𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 ≡ 0

• 𝛻𝛻 � ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 = 0 ≠ − 𝜕𝜕
𝜕𝜕𝑡𝑡
𝜌𝜌𝑒𝑒 �̅�𝑟, 𝑡𝑡
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Physics Department, University of Louisville
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Maxwell’s Displacement Current Density

• ∮𝐶𝐶 �𝐻𝐻 �̅�𝑟, 𝑡𝑡 � �̂�𝑡𝑎𝑎𝑑 = ∫𝑆𝑆 ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 + 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝐷𝐷 �̅�𝑟, 𝑡𝑡 � �𝑎𝑎𝑎𝑎𝑎𝑎

• 𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 = ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 + 𝜕𝜕
𝜕𝜕𝑡𝑡
�𝐷𝐷 �̅�𝑟, 𝑡𝑡

• 𝛻𝛻 � 𝛻𝛻 × �𝐻𝐻 �̅�𝑟, 𝑡𝑡 =

0 = 𝛻𝛻 � ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 + 𝜕𝜕
𝜕𝜕𝑡𝑡
𝛻𝛻 � �𝐷𝐷 �̅�𝑟, 𝑡𝑡 =

𝛻𝛻 � ̅𝐽𝐽 �̅�𝑟, 𝑡𝑡 + 𝜕𝜕
𝜕𝜕𝑡𝑡
𝜌𝜌𝑒𝑒 �̅�𝑟, 𝑡𝑡
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Permittivity of Free Space

• �𝐷𝐷 �̅�𝑟, 𝑡𝑡 = 𝜖𝜖0 �𝐸𝐸 �𝑟𝑟, 𝑡𝑡

• ∮𝑆𝑆 �𝐷𝐷 � �𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑞𝑞
• Coulomb’s law: �𝐸𝐸 = 𝐾𝐾 𝑞𝑞

𝑟𝑟2

• Spherical surface:
�̅�𝑟 𝜃𝜃,𝜙𝜙 = �𝑥𝑥 𝑟𝑟 sin𝜃𝜃 cos 𝜙𝜙 + �𝑦𝑦𝑟𝑟 sin𝜃𝜃 sin𝜙𝜙 + �̂�𝑧 𝑟𝑟 cos 𝜃𝜃
• Differential solid angle: 𝑎𝑎𝛺𝛺 = sin𝜃𝜃 𝑎𝑎𝜃𝜃𝑎𝑎𝜙𝜙

• 𝑞𝑞 = ∫0
2𝜋𝜋 ∫0

𝜋𝜋 𝜖𝜖0𝐾𝐾
𝑞𝑞
𝑟𝑟2
𝑟𝑟2 sin𝜃𝜃𝑎𝑎𝜃𝜃𝑎𝑎𝜙𝜙 = 4π𝜖𝜖0𝐾𝐾𝑞𝑞

• 𝐾𝐾 = 1
4𝜋𝜋𝜖𝜖0
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Permeability of Free Space

• �𝐴𝐴 �̅�𝑟, 𝑡𝑡 = 𝜇𝜇0 �𝐻𝐻 �̅�𝑟, 𝑡𝑡
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